The Fickian second law is widely applicable not only to the analysis of various diffusion problems in material science but also to that of phenomena for the Brownian motion in other science fields, such as the behavior of neurons in life science. It is thus one of the most dominant equations in science. In 1894, Boltzmann transformed it into an ordinary differential equation applicable to the analysis of the interdiffusion problems. Since then, however, the mathematical solutions have not yet been obtained. Here we derived two new equations superior in calculation to the ones of Fick and Boltzmann. Using the derived integro-differential equation, their solutions were obtained as analytical expressions in accordance with the results of the experimental analysis. Hereafter, the basic equations derived here will be exceedingly useful for the analysis of the nonlinear problems concerning the Brownian motion in various science fields.
Introduction
The partial differential equation of the Fickian second law 1) of the diffusion time t and the space coordinate ðx; y; zÞ has been widely applied not only to the analysis of the diffusion problems in the material science but also to that of the various Brownian motion problems in the other science fields. The Fickian diffusion equation is thus one of the most dominant equations in science.
The Fickian first law 1) 
is
DjrCðt; x; y; zÞi ¼ ÀjJðt; x; y; zÞi;
where D, C and jJi are the diffusivity, the concentration and the diffusion flux, and hrj ¼ ð@=@x; @=@y; @=@zÞ, using the Dirac's bracket. The Fickian second law of hrjDrCðt; x; y; zÞi ¼ @Cðt; x; y; zÞ @t ; ð2Þ
has been widely used for the problems of the conservation system in science. When D depends on C, however, even if we try to solve the equation of the one dimensional space coordinate given by 2) Here, the parabolic law of ¼ x= ffi ffi t p is used. As far as another relation between D and C is not given, the mathematical solutions are still impossible. Then, using the experimental C profile in eq. (4), Matano obtained the D profile against C in the interdiffusion problems between solid metals in 1933.
3) The empirical Boltzmann-Matano (B-M) method has been widely applied to the analysis of the interdiffusion experiments between solid metals. Since 1894, however, the mathematical solutions of eq. (4) have not yet been obtained for such a long time.
It is physically obvious that D depends on only via C. In mathematics, this yields the relation between C and D given by
In physics, if we multiply the both sides of eq. (5) (6) , the mathematically and physically reasonable solutions were obtained as the analytical expressions in accordance with the results of the B-M method. We can thus theoretically predict the experimental results if only the initial values are given. Therefore, the present analytical method is extremely useful for the analysis of the nonlinear problems of the Brownian motion where the experimentation is difficult or impossible. Using ¼ y= ffi ffi t p and ¼ z= ffi ffi t p , we can easily expand eqs. (5) and (6) into the ones in the ð; ; Þ space. Then, the equation of the conservation system in the ð; ; Þ space is derived. The new equations derived here correspond to eqs. (1) and (2) and they are applicable to the analysis of whatever problems where eqs. (2) and (4) are applicable. Further, they are superior in the calculation to eq. (2), since the analysis in the 4 dimensional time and space ðt; x; y; zÞ is reduced to that in the 3 dimensional space ð; ; Þ defined here.
The new analytical method to solve the nonlinear Brownian motion problems was established in the present study. From the new point of view, the present method is widely applicable to the analysis of phenomena for the Brownian motion in various science fields.
Derivation of Basic Equations
Solving analytically the nonlinear partial differential eq. (3) 
Equation (7) is accepted as the equation relevant to the diffusion flux in the space and it corresponds to the case of the one dimensional space coordinate of eq. (1). Thus, the physical meaning of eq. (7) is obvious, although eq. (4) is not. Furthermore, the integro-differential eq. (7) 
Hereinbefore, we presented the useful equations to solve the nonlinear problems of the Brownian motion in various science fields.
Application to Interdiffusion Problems
In order to clarify the validity of the present method, we applied it to the typical interdiffusion problems where the diffusion couple between solid metals forms the complete solid solution. The reason is as follows. The B-M method has been widely used for the analysis of their interdiffusion problems. The countless papers have been reported and the useful findings have been thus accumulated.
For the binary system, we define the coordinate as x ¼ 0 at the interface of the diffusion couple and the interdiffusion area as x A x x B at the diffusion time t in the materials A and B. 
When DðÞ is equal to the constant value D 0 , eq. (6) or (7) is rewritten as and its integral calculation yields the solution of
under the condition of eq. (11), where 
Hereafter, we analyze the diffusion problems when DðÞ depends on CðÞ. The countless experimental results always reveal that the CðÞ profile becomes the S-letter curve or the reverse one similar to that of the eq. (12). 4) In the typical interdiffusion problems, the B-M method shows that the DðÞ profile is also the S-letter curve or the reverse one. These indicate that CðÞ and DðÞ are expressed as the superposition of the error functions with various inflection points.
The relation of D A < D B is adopted in this work. In such a case, the exponential part of eq. (6) satisfies
In the present study, it is defined as
where D int is a constant value between D A < D int < D B and ðÞ is a function to correct the error caused by D int instead of DðÞ. Substituting eqs. (6) and (13) into eq. (5), the relation of the diffusion flux in the space is obtained as
For the diffusion flux, the physical speculation produces the relation yielding
where ðÞ is a function of satisfying lim
ðÞ ¼ 0. Equations (14) and (15) yield
Based on the behavior of the error function, considering the shift parameter " caused by the dependence of DðÞ on CðÞ and using the constant values of 1 and 2 , eq. (16) is divided into the following two equations. One is
and the other is
where SðÞ ¼ exp½ðÞ þ
ðÞ and 1 2 ¼ J 0 . There is the evidence of the validity of the above division as shown in the following. When the relation of (18) is approximately rewritten as dC ¼ 2 dD=D and its integral calculation yields
under the condition of eq. (11). In the typical interdiffusion problems between solid metals, eq. (19) has been widely accepted. [5] [6] [7] [8] Since the relation of DðÞ ln DðÞ is the one-to-one correspondence, we define the locus as CðzÞ ¼ f ðzÞ for z ¼ ln DðÞ. Using the relation of 
The following analysis reveals that w ¼ and w ¼ kdD=d intersect at ¼ 0 and ¼ À , ¼ þ extremely near ¼ 0.
(1) dDðÞ=d is considered as the Gaussian type function, but it has the singular point at ¼ 0 in the early diffusion stage because of the Heaviside's type initial condition of DðÞ.
(2) The Heaviside's type initial condition indicates that dDðÞ=d is the largest value at ¼ 0 for
or jkj is an extremely small value with reference to the curvature of the approximate eq. (19).
Based on the above-mentioned, w ¼ kdD=d is expressed as
As shown in Fig. 1 , w ¼ and
In other words, the DðÞ profile has the inflection points at ¼ 0, ¼ À and ¼ þ in the extremely narrow area, although it seems as if it has the one inflection point at ¼ 0 on the ordinary scale. Even then we replace these 3 inflection points with the stationary-inflection point at ¼ IF ¼ 0, the DðÞ profile seems as if it has the one inflection point at ¼ 0 on the ordinary scale. It is thus approximately acceptable that the DðÞ profile has the stationary-inflection point at ¼ IF ¼ 0 on an extremely enlarged scale. The situation mentioned here is shown in the schematic Fig. 2 .
Hereafter, the approximation, i.e., dDðÞ=d 
As shown in the Appendix A, the solution of eq. (17), i.e., the solution DðÞ of eq. (4) or (7) is possible as the superposition of the error functions, and the solution CðÞ of eq. (4) or (7) is also obtained by the similar method using the characteristic of the inflection point ð IN ; C IN Þ on the ð; CðÞÞ plane. Their analytical solutions are thus obtained as
where
, and
Comparison between the Present Method and the B-M Method
The validity of the present analytical method is numerically confirmed by the comparison with the results of the B-M method. In the analysis of the typical interdiffusion problems where the diffusion couple between solid metals forms the complete solid solution, it is widely accepted that the B-M method results in eq. (19) with a good approximation. [5] [6] [7] [8] Inversely, the experimental CðÞ profile is reproduced, if we numerically solve eq. (4) using eq. (19) as another relation.
In order to specify the solutions of eqs. (21) (4) and (19) and using the mathematical characteristic at the inflection point, the others were determined through the considerably complicate approximate calculations as follows.
Here, note that D intþ and D intÀ are equivalent to the arithmetical mean and the geometrical mean, respectively. When the diffusivity does not depend on the concentration, we can set CðxÞ against x at an arbitrary t ¼ t N are possible. However, they are neglected in the present study.
Discussion and Conclusion
The author derived the two new eqs. (8) and (9) applicable to the analysis of whatever problems where eqs. (2) and (4) are applicable. The new analytical method to solve the nonlinear problems of the Brownian motion was established. Figure 5 shows the correlation between the new equation I and/or II and the Fickian first and second laws through the Boltzmann transformation equation. The diffusion flux jJð; ; Þi of the new equation I is expressed as a function of ð; ; Þ and Dð; ; Þ, while we cannot know the functional form of jJðt; x; y; zÞi of the Fickian first law. It is thus applicable to the analysis of the various problems of the Brownian motion in science, although we cannot use the Fickian first law for the analysis. Further, it excels the Boltzmann transformation equation in the analysis, since the integro-differential equation is superior in the approximate calculation to the second order differential equation.
In particular, it is very simple to solve the linear problems where the diffusivity does not depend on the concentration. Then, the one dimensional case is shown in the following. When the diffusivity DðÞ is equal to the constant value D 0 , eq. (7) is rewritten as C ( , , ) ; and the solution is obtained as
Based on the Boltzmann transformation of ¼ t and ¼ x ffi ffi t p , and using the total diffusion material quantity M given by
eq. (24) is rewritten as the well-known expression of
The well-known solutions are simply obtained here by using eq. (7), although they have been previously obtained by using the integral transformation of Laplace or Fourier.
The new equation II is also superior in the calculation to the Fickian second law, since the analysis in the 4 dimensional time and space of ðt; x; y; zÞ is reduced to that in the 3 dimensional space of ð; ; Þ.
By applying eq. (7) to the typical interdiffusion problem between solid metals, which has not yet been mathematically solved for a long time, the mathematically and physically reasonable solutions DðÞ and CðÞ of the nonlinear eq. (4) were obtained as the analytical expressions. We can thus predict the experimental results if only the initial values are given. Therefore, the present method is extremely useful for the analysis of the problems of the Brownian motion where the experimentation is difficult or impossible.
As a necessary condition of the locus derived from the solutions DðÞ and CðÞ of eq. (4), the relationship of The atomic diffusion problem in the metal crystal is based on the precondition that their vacancies are homogeneous and are in the thermal equilibrium state. It is, however, possible that the precondition is not valid, when the diffusion couple does not form the complete solid solution. Therefore, we need consider an application limit of eq. (4), caused by various factors during the diffusion process, to the interdiffusion problems between solid metals. In such a case, eq. (7) should be rewritten as
where J est ðÞ is the term to estimate the difference from the typical case. Hereafter, from the new point of view, the study on the nonlinear problems of the Brownian motion will be promoted, and the basic equations derived here will be thus more and more useful for the analysis of their nonlinear problems in science and technology.
where n and N (N ! n ! 2) are arbitrary positive integers. Using eqs. (11) and (A·1), the integral calculation of eq. (17) is given as
ðA : 2Þ where
Under the condition of N ¼ n, eq. (A·2) is rewritten as
ðA : 3Þ
For a large value n, the first error function in f g of eq. (A·3) mainly contributes to the left-hand side. In such a case, the approximate solution is equal to eq. (21). Substituting eqs. (13) and (21) into eq. (6), CðÞ is obtained as
Then, using the first law of the averaged value in the integral calculation, the above equation for f ðÞ < 1 is approximately rewritten as In eq. (A·6), the notations are
Under the condition of M ¼ m, eq. (A·6) is approximately equal to eq. (22) for a large value m.
